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Abstract
In this paper, we discuss the viscosity solutions of the weakly coupled systems of fully nonlinear
second-order degenerate parabolic equations and their Cauchy–Dirichlet problem. We prove the
existence, uniqueness and continuity of viscosity solution by combining Perron’s method with
the technique of coupled solutions. The results here generalize those in Proc. London Math. Soc.
63 (1991) 212–240 and Comm. Partial Differential Equations 16 (1991) 1095–1128.
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1. Introduction
In this paper, we discuss the following initial-boundary value problem of weakly cou-
pled systems of fully nonlinear second-order degenerate parabolic partial differential equa-
tions:
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

Fi(t, x;u, ∂tui,Dxui,D2xui)= 0 for (t, x) ∈Q,
ui(t, x)= 0 for (t, x) ∈ Γ ,
ui(0, x)= u0(x) for x ∈Ω, i = 1, . . . ,m.
(1)
Here u = (u1, . . . , um) :Q→ Rm represents the unknown function, F = (F1, . . . ,Fm) :
Q×Rm×R×Rn×S(n)→ Rm is a given function which is locally bounded, where Q=
(0, T )×Ω , Ω ⊂ Rn is a bounded open subset, S(n) denotes the set of real symmetric n×n
matrices equipped the usual order, i.e., X  Y for X,Y ∈ S(n) if ξ tXξ  ξ tY ξ for every
ξ ∈ Rn, ∂tui = ∂ui/∂t , Dxui = (∂ui/∂xk)1kn, and D2xui = (∂2ui/(∂xk∂xl))1k,ln
denote the gradient and Hessian matrix of the real function ui with respect to x .
To extend the technique of viscosity solutions to general equations, e.g., random
parabolic equations or systems, we will use the following notations:
u∗(x)= lim
r→0 sup
{
u(y) | |x − y|< r}, u∗(x)= lim
r→0 inf
{
u(y) | |x − y|< r},
which are called the upper and lower semi-continuous envelope of u, respectively. F ∗i (t, x;
u,a,p,X) and Fi∗(t, x;u,a,p,X) are defined similarly.
A nonlinear operator F is called to be degenerate parabolic (parabolic in short) if
F ∗i (t, x;u;a,p,X) Fi∗(t, x;u;a,p,Y ), i = 1, . . . ,m, whenever X Y, (2)
and
F ∗i (t, x;u;b,p,X) Fi∗(t, x;u;a,p,X), i = 1, . . . ,m, whenever b  a, (3)
where a, b ∈ R, u ∈ Rm, x,p ∈ Rn, X,Y ∈ S(n). F is called weakly coupled if every Fi
is independent of the derivatives of the coupled variables uj , j 
= i . Such an operator F as
defined above is an extension of heat operator.
System (1) involves many examples including the systems of ordinary differential
equation of the first order, the linear and quasi-linear parabolic and degenerate parabolic
partial differential equations (which modeling the reaction–diffusion phenomena in
chemistry and biology) and, especially, fully nonlinear partial differential equations (such
as Monge–Ampere equation in geometry, and Bellman and Isaacs equations arising from
optimal control).
For reader’s convenience, we recall first the notation of viscosity solutions. We consider
a single fully nonlinear parabolic equation
f
(
t, x; ∂tu,u,Dxu,D2xu
)= 0. (4)
u(t, x) is called a classic sub-solution of (4) if u ∈C2(QT ) and satisfies
f
(
t, x; ∂tu,u,Dxu,D2xu
)
 0.
If φ(t, x) ∈C2(QT ) and u− φ takes a local maximum at (t, x), we know that
∂tφ(t, x)= ∂tu(t, x), Dxφ(t, x)=Dxu(t, x), D2xφ(t, x)D2xu(t, x).
By (2) and (3),
f
(
t, x;u, ∂tφ,Dxφ,D2xφ
)
 f
(
t, x;u, ∂tu,Dxu,D2xu
)
 0.
364 W. Liu et al. / J. Math. Anal. Appl. 281 (2003) 362–381The extremes of this inequality do not depend on the derivatives of u and so we may
consider defining a nondifferential function u to be (some kind of generalized) sub-solution
of F = 0 if
f
(
tˆ , xˆ;u(tˆ, xˆ), ∂tφ(tˆ , xˆ),Dxφ(tˆ , xˆ),D2xφ(tˆ , xˆ)
)
 0 (5)
whenever φ is C2 and (tˆ , xˆ) is a local maximum of u− φ. The fact of that (tˆ , xˆ) is a local
maximum of u− φ can be expressed as
u(t, x) u(tˆ, xˆ)+ a(t − tˆ )+ 〈p,x − xˆ〉 + 1
2
〈
X(x − xˆ), x − xˆ〉
+ o(|t − tˆ | + |x − xˆ|2), as (t, x)→ (t, x), (6)
where (a,p,X) = (∂tu,Dxu,D2xu). Because inequality (5) depends only on (a,p,X) =
(∂tu,Dxu,D
2
xu), we define “superjet” of u at the point (tˆ , xˆ) as
P2,+Q u(tˆ, xˆ)=
{
(a,p,X) ∈ R× Rn × S(n) | u(t, x) u(tˆ , xˆ)+ a(t − tˆ )
+ 〈p,x − xˆ〉 + 12
〈
X(x − xˆ), x − xˆ〉
+ o(|t − tˆ | + |x − xˆ|2), as (t, x)→ (t, x)}. (7)
And then, we set the “closure of the superjet”
P¯2,+Q u(tˆ, xˆ)=
{
(a,p,X) | ∃(an,pn,Xn) ∈P2,+Q u(tn, xn) and
(tn, xn, an,pn,Xn)→ (tˆ, xˆ, a,p,X)
}
,
which will be needed in the following sections.
Switching the inequality sign in (7), we arrive at the definition of the “subjet”
P2,−Q u(tˆ, xˆ). Its closure P¯2,−Q u(tˆ, xˆ) follows similarly.
Definition. Let f = 0 be parabolic. A viscosity sub-solution (or super-solution) of f = 0
is a function u such that
f (t, x;u,a,p,X) 0 for all (t, x) and (a,p,X) ∈ P¯2,+Q u(t, x) (8)(
or f (t, x;u,b, q,Y ) 0 for all (t, x) and (b, q,Y )∈ P¯2,−Q u(t, x)
)
. (9)
u is a viscosity solution of f = 0 if it is both viscosity sub-solution and a viscosity super-
solution of f = 0.
After being introduced by Crandall and Lions [1], the concept of viscosity solution has
become a powerful tool to study the fully nonlinear partial differential equations. However,
when we wish to study systems, ever those with very special coupled structure, there are
only a few results. In fact, the concept of viscosity solution is based on the comparison, it
only applies to the scalar degenerate elliptic equations (including the parabolic equations)
rather than hyperbolic ones and systems. For the scalar parabolic equation
f
(
t, x;u; ∂tu,Dxu,D2xu
)= 0,
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have comparison. For the system of parabolic equations,
Fi
(
t, x;u1, . . . , um; ∂tu,Dxui,D2xui
)= 0, i = 1, . . . ,m,
the image of vector function F = (F1, . . . ,Fm) is in a partial-ordered space in which
trichotomy law is invalid. So it is more difficult to deal with the systems. In order to use the
maximum principle method, quasi-decreasing assumption has been introduced in [2–5].
In [6], the existence and uniqueness of the viscosity solution have been proved by
combining Perron’s method with the technique of coupled solutions for Dirichlet problem
of degenerate elliptic systems which is quasi-increasing or mixed-quasi-monotone. In fact,
the technique of coupled solutions is to introduce a new order in Rm corresponding to the
quasi-monotonicity of F in which the system is “quasi-decreasing” and the comparison
holds.
In this paper, we are concerned with the degenerate parabolic systems consisting of m
equations. We establish the comparison under weaker conditions than those for degenerate
elliptic systems in [6]. We prove the existence and uniqueness of the viscosity solution of
problem (1) by combining Perron’s method with the technique of coupled solutions (see
[8,10–13]) and we show that the viscosity solution of (1) is continuous even though F are
not continuous.
The paper consists of 5 sections. Section 2 devotes to the quasi-monotone parabolic
systems. The concepts of the coupled viscosity sub- and super-solution, coupled viscosity
solutions and viscosity solution for the weakly coupled quasi-monotone degenerate
parabolic systems are introduced first. The definition of the coupled viscosity sub- and
super-solutions is not ordinary, which is the key of the technique of coupled solutions. In
such a way, the comparison holds true and Perron’s method could be applied to general
quasi-monotone systems to prove the existence of coupled viscosity solutions, and then
the existence, uniqueness and continuity of viscosity solution follow. In Section 3, the
same result is proved for the nonquasi-monotone systems by making use of the concept
of viscosity sub- and super-solutions in strong sense (cf. [2,3]) and fixed point theorem.
Section 4 is devoted to existence of the coupled viscosity sub- and super-solutions and the
coupled viscosity sub- and super-solutions in strong sense. In Section 5, some examples
are presented.
2. Quasi-monotone systems
The system of functions F is said to be quasi-monotone if every Fi is monotone with
respect to every coupled variable uj , j 
= i .
A function U(t, x)= (U1, . . . ,Um) is called a viscosity sub-solution (or super-solution)
of (1) if it is locally bounded in Q and satisfies
Fi∗(t, x;U∗;ai,pi,Xi) 0
(
or F ∗i (t, x;U∗;ai,pi,Xi) 0
)
∀(t, x) ∈Q, (ai,pi,Xi) ∈P2,+Q U∗i (t, x)
(
or P2,−Q Ui∗(t, x)
)
,
U∗i (t, x) (or ) 0 for (t, x) ∈ Γ,
U∗i (0, x) (or ) u0(x) for x ∈Ω, i = 1, . . . ,m, (10)
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Ui(t, x), respectively (cf. (7)).
It is well known that the comparison does not hold for the systems in such a notion of
viscosity sub- and super-solutions. We apply the technique of coupled solutions, i.e., to
define the sub- and super-solutions in a special way (which is called a coupled sub- and
super-solution), to solve this difficulty.
To give the definition of coupled sub- and super-solutions, we first put that A =
{1, . . . ,m} and Ai ⊂ A\{i} is called the decreasing index set of Fi , i.e., Fi is decreasing
with respect to the coupled variable uj as j ∈ Ai and increasing with respect to uk as
k /∈Ai . Then, we define
Wi(u, v;Ai) =
{
Wi1, . . . ,W
i
i−1,W
i
i+1, . . . ,W
i
m
}
: Rm × Rm × 2A → Rm−1,
in which
Wij (u, v;Ai) =
{
uj as j ∈Ai,
vj as j /∈Ai. (11)
Definition 1. Suppose that F is degenerate parabolic, locally bounded, and quasi-
monotone. (U,V ), where U(t, x) = (U1, . . . ,Um) and V (t, x) = (V1, . . . , Vm), is called
a coupled viscosity sub- and super-solution of (1) if it is locally bounded in Q and satisfy
Fi∗
(
t, x;Wi(U∗,V∗;Ai),U∗i ;ai,pi,Xi
)
 0,
∀(t, x) ∈Q, (ai,pi,Xi) ∈P2,+Q U∗i (t, x),
F ∗i
(
t, x;Wi(V∗,U∗;Ai),Vi∗;bi, qi, Yi
)
 0,
∀(t, x) ∈Q, (bi, qi, Yi) ∈ P2,−Q Vi∗(t, x), (12)
U∗i (t, x) 0 Vi∗(t, x) for (t, x) ∈ Γ,
U∗i (0, x) u0(x) Vi∗(0, x) for x ∈Ω, i = 1, . . . ,m. (13)
Definition 2. (U(t, x),V (t, x)) is called a coupled viscosity solutions of (1) if (U,V ) and
(V ,U) are both coupled viscosity sub and super-solutions of (1).
Definition 3. u(t, x) is called a viscosity solution of (1) if (u,u) is a coupled viscosity
solution of (1).
With the concept of the coupled viscosity sub- and super-solution, the following
theorem could be proved by Perron’s method.
Theorem 1. Suppose that F is parabolic, locally bounded, and quasi-monotone. If (U,V )
is a coupled viscosity sub- and super-solution of (1) and U(t, x)  V (t, x) for all
(t, x) ∈Q, then problem (1) has a coupled viscosity solution (u, v) satisfying
U∗  v  u V∗ on Q¯.
If the comparison holds in addition, then problem (1) has unique viscosity solution
u(t, x) ∈ C(Q) satisfying U∗  u V∗ on Q¯.
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• There exist constants βi > 0 such that
Fi∗(t, x;Wi, r;b,p,X)− F ∗i (t, x;Wi, r;a,p,X) βi(b− a) (A1)
for a, b ∈ R, b a, (t, x;Wi, r;p,X) ∈ Q¯× Rm ×Rn × S(n), i = 1, . . . ,m.
• There exist constants γi > 0 such that
Fi∗(t, x;Wi, r;a,p,X)− F ∗i (t, x;Wi, s;a,p,X)−γi(r − s) (A2)
for r, s ∈ R, r  s, (t, x;Wi;a,p,X) ∈ Q¯×Rm−1 ×R×Rn × S(n), i = 1, . . . ,m.
• There are continuous functionsωi : (0,∞)→ (0,∞) that satisfy ωi(0+)= 0 such that,
for each fixed t ∈ R,
F ∗i (t, y;Wi, r;a,p,Y )− Fi∗(t, x;Wi, r;a,p,X) ωi
(
α|x − y|2 + |x − y|)
(A3)
whenever x, y ∈Ω , r, a,α ∈ R, p = α(x−y), Wi ∈ Rm−1, and X,Y ∈ S(n) satisfying
−3α
(
I 0
0 I
)

(
X 0
0 −Y
)
 3α
(
I −I
−I I
)
.
• There are constants Lij , i, j = 1, . . . ,m (Lii = 0) such that∣∣Fi∗(t, x;Wi, r;a,p,X)− F ∗i (t, x;V i, r;a,p,X)∣∣
∑
j 
=i
Lij |Wj − Vj | (A4)
for any W,V ∈ Rm, (t, x; r;a,p,X)∈ Q¯×R× R×Rn × S(n).
Remark 1. In fact, instead of (A2), it might be supposed as well that, for an arbitrary
constant λ large enough,
Fi∗(t, x;Wi, r;a,p,X)− F ∗i (t, x;Wi, s;a,p,X) λ(r − s) (A2′)
for r, s ∈ R, r  s, (t, x;Wi;a,p,X) ∈ Q¯×Rm−1 ×R×Rn × S(n), i = 1, . . . ,m. If not,
taking λ˜ > (λ+ maxi∈A γi)/maxi∈A βi and putting u(t, x)= u˜(t, x)eλ˜t , equations in (1)
are translated into
Gi(t, x; u˜; ∂t u˜i ,Du˜i ,D2u˜i)= 0, t > 0, x ∈Ω, i = 1, . . . ,m,
where
Gi(t, x; u˜; ∂t u˜i ,Du˜i ,D2u˜i)= e−λ˜tFi
(
t, x; eλ˜t u˜; eλ˜t (λ˜u˜i + ∂t u˜i), eλ˜tDu˜i , eλ˜tD2u˜i
)
.
It can be shown that G satisfies the inequality (A2′) if F satisfies (A1) and (A2), and if
F satisfies (A1) and (A3), so does G (G satisfies (A1) with the same constants for F and
(A3) with probable different continuous functions ωi , i = 1, . . . ,m).
Theorem 2. Suppose that F is parabolic, locally bounded, quasi-monotone, and satisfies
(A1)–(A4). If (U,V ) is a coupled viscosity sub- and super-solution of (1), then U∗  V∗
on Q¯.
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sition 4.3 in [7] for elliptic superjet and subjet, which is useful for proving the above
theorems.
Proposition 3. Let Q ⊂ (0, T ) × Rn be locally compact, the scalar function v :Q→ R
be upper (lower)-semi-continuous in Q, (t0, z) ∈ Q, (a,p,X) ∈ P2,+Q v(t0, z) (or
P2,−Q v(t0, z)). Suppose also that u(k) is a sequence of upper (lower)-semi-continuous func-
tions on Q such that
(i) There exists (t(k), x(k)) ∈Q such that(
t(k), x(k), u(k)(t(k), x(k))
)→ (t0, z, v(t0, z));
(ii) If (s(k), y(k)) ∈Q and (s(k), y(k))→ (t, x) ∈Q, then
lim sup
k→∞
u(k)(s(k), y(k)) v(t, x)
(
lim inf
k→∞ u
(k)(s(k), y(k)) v(t, x)
)
.
Then, there exist
(tˆ (k), xˆ(k)) ∈Q, (a(k),p(k),X(k)) ∈ P2,+Q u(k)(tˆ (k), xˆ(k))
(P2,−Q u(k)(tˆ (k), xˆ(k)))
such that(
tˆ (k), xˆ(k), u(k)(tˆ (k), xˆ(k)), a(k),p(k),X(k)
)→ (t0, z, v(t0, z), a,p,X).
Proof. It might be set as well that z= 0. Let v be a scalar upper-semi-continuous function
and (a,p,X) ∈ P2,+Q v(t0, z). From the definition of (a,p,X), we know that for any d > 0,
there is γ > 0 such that the set Nγ = {(t, x) ∈Q: |x| γ , |t − t0| γ } is compact and
v(t, x) v(t0,0)+ a(t − t0)+ 〈p,x〉 + 12 〈Xx,x〉 + d
(|t − t0| + |x|2),
(t, x) ∈Nγ . (14)
By position (i), there is a function sequence {u(k)(t, x)} and a point sequence {(t(k), x(k))}
such that(
t(k), x(k), u(k)(t(k), x(k))
)→ (t0,0, v(t0,0)).
Let (tˆ (k), xˆ(k)) be the maximum point of the function
u(k)(t, x)−
(
a(t − t0)+ 〈p,x〉 + 12 〈Xx,x〉 + 2d
(|t − t0| + |x|2)
)
in Nγ ,
hence
u(k)(t, x) u(k)(tˆ (k), xˆ(k))+ a(t − tˆ (k))+ 〈p,x − xˆ(k)〉 + 1
2
〈Xx,x〉
− 1 〈Xxˆ(k), xˆ(k)〉 + 2d(|t − t0| − |tˆ (k) − t0| + |x|2 − |xˆ(k)|2). (15)2
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cerned with a small neighborhood of the point (tˆ (k), xˆ(k)), we may as well suppose that
t − t0 and tˆ (k) − t0 have the same sign, then
|t − t0| − |tˆ (k) − t0| = δ(t − tˆ (k)),
where δ = sgn(tˆ (k) − t0). And on account of the fact
〈Xx,x〉 − 〈Xxˆ(k), xˆ(k)〉 = 〈X(x − xˆ(k)), x − xˆ(k)〉+ 2〈Xxˆ(k), x − xˆ(k)〉,
|x|2 − |xˆ(k)|2 = 〈x − xˆ(k), x − xˆ(k)〉 + 2〈xˆ(k), x − xˆ(k)〉,
we get
u(k)(t, x) u(k)(tˆ (k), xˆ(k))+ (a + 2dδ)(t − tˆ (k))+ 〈p+ (X+ 4dI)xˆ(k), x − xˆ(k)〉
+ 1
2
〈
(X+ 4dI)(x − xˆ(k)), x − xˆ(k)〉,
that is,
(a(k),p(k),X(k))= (a + 2dδ,p+ (X+ 4dI)xˆ(k),X+ 4dI) ∈P2,+Q u(k)(tˆ (k), xˆ(k)).
Because the set Nγ is compact, there is a point (τ, ξ) ∈ Nγ such that (passing to a sub-
sequence if necessary) (tˆ (k), xˆ(k))→ (τ, ξ) as k→∞. Putting (t, x)= (t(k), x(k)) in (15)
and taking the limit superior as k→∞, we find that
v(t0,0) lim sup
k→∞
u(k)(tˆ (k), xˆ(k))− a(τ − t0)− 〈p, ξ〉 − 12 〈Xξ, ξ〉
− 2d(|τ − t0| + |ξ |2). (16)
By position (ii), lim supk→∞ u(k)(t(k), x(k)) v(τ, ξ) while (14) implies
v(τ, ξ)− a(τ − t0)− 〈p, ξ〉 − 12 〈Xξ, ξ〉 − 2d
(|τ − t0)+ |ξ |2)
 v(t0,0)− d
(|τ − t0| + |ξ |2).
We conclude from (16) that
v(t0,0) v(t0,0)− d
(|τ − t0| + |ξ |2).
This inequality implies τ = t0, ξ = 0, so (tˆ (k), xˆ(k)) → (t0,0) (without passing to a
subsequence). At the same time, by the arbitrariness of d , we see that
(a(k),p(k),X(k))= (a + 2dδ,p+ (X+ 4dI)xˆ(k),X+ 4dI)→ (a,p,X),
as k→∞,
thus, we conclude that(
tˆ (k), xˆ(k), u(k)(tˆ (k), xˆ(k)), a(k),p(k),X(k)
)→ (t0,0, v(t0,0), a,p,X), as k→∞.
The proof is completed. ✷
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(U,V ) is a coupled viscosity sub- and super-solution of (1) satisfying U(t, x)  V (t, x)
for all (t, x) ∈Q, and define
S × P = (S1 × · · · × Sm)× (P1 × · · · × Pm)
= {(u(t, x), v(t, x)) | (u, v) is a coupled viscosity sub- and super-solution
of (1) satisfying U  u,v  V },
and u¯= (u¯1, . . . , u¯m), v¯ = (v¯1, . . . , v¯m), where
u¯i(t, x)= sup
{
ui(t, x) | u ∈ S
}
, v¯i (t, x)= inf
{
vi(t, x) | v ∈ P
}
, i = 1, . . . ,m.
Then, we have the following lemmas.
Lemma 4. (u¯, v¯) ∈ S × P .
Proof. S and P are nonempty because U ∈ S and V ∈ P , and
u¯∗i (t, x) <+∞, v¯i∗(t, x) >−∞, ∀(t, x) ∈ Q¯, i = 1, . . . ,m,
because Q is compact and U and V are upper- and lower-semi-continuous on Q, respec-
tively.
For an arbitrary i ∈A, suppose that (s, z) ∈Q, (ai,pi ,Xi) ∈P2,+Q u¯∗i (s, z). By the defi-
nition of u¯∗, there is a sequence {u(k)i } ⊂ Si (we may as well suppose that all components
of which are upper-semi-continuous) and a sequence of points {(t(k), x(k))} ⊂Q such that
(t(k), x(k), u
(k)
i )→ (s, z, u¯∗i ). On virtue of upper-semi-continuity of u¯∗i , we see that
lim sup
k→∞
u
(k)
i (τ
(k), ξ (k)) u¯∗i (s, z)
for every sequence (τ (k), ξ (k), u(k)i (τ
(k), ξ (k))). Thus, the conditions of Proposition 3 hold,
and hence there are (tˆ (k), xˆ(k)) ∈Q, (a(k)i , p(k)i ,X(k)i ) ∈P2,+Q u(k)i (tˆ (k), xˆ(k)) such that(
tˆ (k), xˆ(k), u
(k)
i (tˆ
(k), xˆ(k)), a
(k)
i , p
(k)
i ,X
(k)
i
)→ (s, z, u¯∗i (s, z), ai,pi ,Xi).
From the definitions of u(k)i , there are w
(k)
1 , . . . ,w
(k)
i−1,w
(k)
i+1, . . . ,w
(k)
m (which might
be as well supposed to be continuous for convenience) such that Uj  w(k)j  Vj and
w
(k)
j ∈ Sj as j ∈ Ai or w(k)j ∈ Pj as j /∈Ai . Furthermore, we know from the definition of
u¯j and v¯j that w(k)j  u¯j as j ∈Ai and w(k)j  v¯j as j /∈Ai , so
wj = lim
k→∞w
(k)
j
{
 u¯j as j ∈Ai,
 v¯j as j /∈Ai.
On virtue of quasi-monotonicity and lower-semi-continuity of Fi∗,
Fi∗
(
s, z;Wi(u¯∗, v¯∗,Ai), u¯∗i ;ai,pi,Xi
)
 Fi∗
(
s, z;w1, . . . ,wi−1,wi+1, . . . ,wm, u¯∗i ;ai,pi,Xi
)
 lim Fi∗
(
s, z;w(k)1 , . . . ,w(k)j−1,w(k)j+1, . . . ,w(k)m ,u(k)i ;a(k)i , p(k)i ,X(k)i
)
 0.k→∞
W. Liu et al. / J. Math. Anal. Appl. 281 (2003) 362–381 371Similarly, for (s, z) ∈Q, (bi, qi, Yi) ∈P2,−Q v¯i∗(s, z), from definition, there is a sequence
{v(k)i } ⊂ Pi (all components of which might be as well supposed to be lower-semi-
continuous) and a sequence of points {(t(k), x(k))} ⊂ Ω such that (t(k), x(k), v(k)i ) →
(s, z, v¯i∗). From its lower-semi-continuity, we see that
lim inf
k→∞ v
(k)
i (τ
(k), ξ (k)) v¯i∗(s, z)
for every sequence (τ (k), ξ (k), v(k)i (τ
(k), ξ (k))). Thus, the conditions of Proposition 3 hold
again, and hence there are (tˆ (k), xˆ(k)) ∈ Q, (b(k)i , q(k)i , Y (k)i ) ∈ P2,−Q v(k)i (tˆ (k), xˆ(k)) such
that (
tˆ (k), xˆ(k), v
(k)
i (tˆ
(k), xˆ(k)), b
(k)
i , q
(k)
i , Y
(k)
i
)→ (s, z, v¯i∗(s, z), bi , qi, Yi).
From the definitions of v(k)i , there are w
(k)
1 , . . . ,w
(k)
i−1,w
(k)
i+1, . . . ,w
(k)
m (which might be
as well supposed to be continuous again) such that Uj  w(k)j  Vj and w(k)j ∈ Pj as
j ∈Ai or w(k)j ∈ Sj as j /∈Ai . Furthermore, we see that w(k)j  v¯j as j ∈Ai and w(k)j  u¯j
as j /∈Ai , so
wj = lim
k→∞w
(k)
j
{
 v¯j as j ∈Ai,
 u¯j as j /∈Ai.
On account of quasi-monotonicity and upper-semi-continuity of F ∗i ,
F ∗i
(
s, z;Wi(v¯∗, u¯∗,Ai), v¯i;bi, qi, Yi
)
 F ∗i (s, z;w1, . . . ,wi−1,wi+1, . . . ,wm, v¯i∗;bi, qi, Yi)
 lim
k→∞F
∗
i
(
s, z;w(k)1 , . . . ,w(k)i−1,w(k)i+1, . . . ,w(k)m , v(k)i ;b(k)i , q(k)i , Y (k)i
)
 0.
Taking account of the arbitrariness of index i , we have already proved that (u¯, v¯) is a
coupled viscosity sub- and super-solutions with U  u¯, v¯  V on Q¯. ✷
Lemma 5. Let F be degenerate parabolic, locally bounded, and quasi-monotone. Assume
that the sets S and P are both nonempty. If {u,v} ∈ S × P while {v,u} /∈ S × P , then
there is another couple of sub- and super-solution {Uˆ, Vˆ } such that Uˆ  u, Vˆ  v, and
{Uˆ , Vˆ } 
= {u,v}.
Proof. If {u,v} ∈ S × P while ui∗ is not a viscosity super-solution of (1), i.e., there is a
point (t0, x0) ∈Q (we might as well suppose x0 = 0 ∈Ω for convenience) such that
F ∗i
(
t0,0;Wi(u, v,Ai), ui∗;bi, qi, Yi
)
< 0 for some (bi, qi, Yi) ∈P2,−Q ui∗(t0,0).
Similarly to the proof of Lemma 4.4 in [7], by semi-continuity of Fi∗,
U˜i = ui∗(t0,0)+ δ+ bi(t − t0)+ 〈qi, x〉 + 12 〈Yix, x〉 − γ |x|
2
is a classical solution of Fi∗  0 in Bγ = {x | |x|< γ } for all small r, δ, γ > 0. It is clear
that
Uˆi(t, x)=
{
max{ui(t, x), U˜i(t, x)} if |t − t0| + |x|2 < r2,
ui(t, x) otherwise,
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= i , and Vˆ = v; then we have that
Uˆ  u, Vˆ  v, and {Uˆ, Vˆ } 
= {u,v}. Due to the fact that Fj , j 
= i , are quasi-monotone,
Fj∗
(
t, x;Wj(Uˆ, Vˆ ,Aj ), Uˆ∗j ;aj ,pj ,Xj
)
 Fj∗
(
t, x;Wj(u, v,Aj ), u∗j ;aj ,pj ,Xj
)
 0
∀(t, x) ∈Q, (aj ,pj ,Xj ) ∈ P2,+Q Uˆ∗j (t, x),
F ∗j
(
t, x;Wj(Vˆ , Uˆ ,Aj), Vˆj∗;bj , qj , Yj
)
 F ∗j
(
t, x;Wj(v,u,Aj ), vj∗;bj , qj , Yj
)
 0
∀(t, x) ∈Q, (bj , qj , Yj ) ∈P2,−Q Vˆj∗(t, x), j = 1,2, . . . , i − 1, i + 1, . . . ,m.
Thus, (Uˆ , Vˆ ) is another couple of viscosity sub- and super-solution of (1), the conclusion
of lemma holds.
If (u, v) ∈ S × P while v∗i is not a viscosity sub-solution of (1), i.e.,
Fi∗
(
t0,0;Wi(v,u,Ai), v∗i ;ai,pi,Xi
)
> 0 for some (ai,pi,Xi) ∈ P2,+Q v∗i (t0,0).
Let
Vˆi(t, x)=
{
min{vi(t, x), V˜i(t, x)} if t = t0, |x|< r,
vi(t, x) otherwise,
where
V˜i = v∗i (t0,0)− δ+ ai(t − t0)+ 〈px,x〉 +
1
2
〈Xix, x〉 + γ |x|2,
Vˆj = vj∗, j 
= i , and Uˆ = u. Then we can prove similarly that (Uˆ , Vˆ ) is another coupled
viscosity sub- and super-solution of (1) with Uˆ  u, Vˆ  v and (Uˆ , Vˆ ) 
= (u, v). The proof
is complete. ✷
Proof of Theorem 1. From Lemma 4, we know that (u¯, v¯) is a coupled viscosity sub-
and super-solution of (1). If (v¯, u¯) is not a coupled sub- and super-solution, according
to Lemma 5, there is another one (Uˆ , Vˆ ) ∈ S × P such that u¯∗  Uˆ , v¯∗  Vˆ , and
(u¯∗, v¯∗) 
= (Uˆ , Vˆ ). This is a contradiction to the definition of (u¯, v¯). Hence, (v¯, u¯) is a
coupled viscosity sub- and super-solution of (1), too.
Knowing that (u¯, v¯) is a coupled viscosity solution and the comparison holds, we see
that
u¯ u¯∗  v¯∗  v¯
thanks to (u¯, v¯) ∈ S × P . We also see that
v¯  v¯∗  u¯∗  u¯
because at the same time (v¯, u¯) ∈ S×P . Thus, we conclude that u¯≡ v¯ and u¯ ∈ C(Q). The
uniqueness can be proved in the same way. ✷
Proof of Theorem 2. First of all, let Uˆi = Ui − =/(T − t), Vˆi = Vi + =/(T − t),
i = 1, . . . ,m. Then
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{
(aˆ,p,X)
∣∣∣ aˆ = a − =
(T − t)2 , (a,p,X) ∈P
2,+
Q U
∗
i (t, x)
}
,
P2,−Q Vˆi∗(t, x)=
{
(bˆ, q,Y )
∣∣∣ bˆ = b+ =
(T − t)2 , (b, q,Y ) ∈ P
2,−
Q Vi∗(t, x)
}
.
Due to (A1), (A4), and (A2′) with the constant λ >∑j 
=i Lij , we have that
Fi∗
(
t, x;Wi(U∗,V∗,Ai),U∗i ;a,p,X
)− Fi∗(t, x;Wi(Uˆ∗, Vˆ∗,Ai), Uˆ∗i ; aˆ, p,X)
 βi(a − aˆ)+ λ
(
U∗i − Uˆ∗i
)−∑
j 
=i
Lij
∣∣Wij (U∗,V∗,Ai)−Wi(Uˆ∗, Vˆ∗,Ai)∣∣
 =βi
(T − t)2 +
(
λ−
∑
j 
=i
Lij
)
=
(T − t) 
=βi
(T − t)2 ,
(t, x) ∈Q, (a,p,X) ∈ P2,+Q U∗i (t, x),
F ∗i
(
t, x;Wi(Vˆ∗, Uˆ∗,Ai), Vˆi∗; bˆ, q, Y
)− F ∗i (t, x;Wi(V∗,U∗,Ai),Vi∗;b, q,Y )
 βi(bˆ− b)+ λ(Vˆi∗ − Vi∗)−
∑
j 
=i
Lij
∣∣Wij (V ∗,U∗,Ai)−Wi(Vˆ ∗, Uˆ∗,Ai)∣∣
 =βi
(T − t)2 +
(
λ−
∑
j 
=i
Lij
)
=
(T − t) 
=βi
(T − t)2 ,
(t, x) ∈Q, (b, q,Y ) ∈P2,−Q Vi∗(t, x).
Thus, we observe that (Uˆ , Vˆ ) is also a coupled viscosity sub- and super-solution of (1)
and satisfies the following inequalities:
Fi∗
(
t, x;Wi(Uˆ∗, Vˆ∗,Ai), Uˆ∗i ; ∂tUˆi ,DUˆi ,D2Uˆi
)
− =βi
(T − t)2 ,
F ∗i
(
t, x;Wi(Vˆ∗, Uˆ∗,Ai), Vˆi∗; ∂t Vˆi,DVˆi ,D2Vˆi
)
 =βi
(T − t)2 .
Since U  V follows from Uˆ  Vˆ in the limit = ↓ 0, it will simply suffice to prove the
comparison under the additional assumptions

(i) Fi∗(t, x;Wi(U∗,V∗,Ai),U∗i ; ∂tUi,DUi,D2Ui)−=βi/T 2 < 0,
(ii) F ∗i (t, x;Wi(V∗,U∗,Ai),Vi∗; ∂tVi,DVi,D2Vi) =βi/T 2 > 0,
(iii) limt↑T Ui(t, x)=−∞, limt↑T Vi(t, x)=+∞, uniformly on Ω¯.
(17)
Now, we are proving the comparison by contradiction under assumptions (A2′) and (17).
We may suppose as well that there is i ∈ {1, . . . ,m} and (t0, x0) ∈Q such that
δ
= U∗i (t0, x0)− Vi∗(t0, x0)= max
j∈A sup
(t,x)∈Q¯
{
U∗j (t, x)− Vj∗(t, x)
}
> 0.
Consider the function
Mi(t, x, y)
=U∗i (t, x)− Vi∗(t, y)−
α |x − y|2.
2
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denoted by Mα , can be obtained in a neighborhoodN of the point (t, x) and is positive and
bounded as α is large enough since Mi(t, x, y) ∈ USC([0, T ] ×Ω ×Ω).) It can be seen
that
U∗i (tα, xα)− Vi∗(tα, yα)Mα  δi > 0. (18)
From the initial and boundary value conditions, we conclude that tα 
= 0 and xα, yα 
∈
∂Ω as α is large enough. From (iii) in (17), we also see that tα 
= T . Thus we may employ
Theorem 8.3 in [7] to learn that there are a,p= α(xα − yα), X,Y ∈ S(n) such that
(a,p,X) ∈ P¯2,+Q U∗i (tα, xα), (a,p,Y ) ∈ P¯2,−Q Vi∗(tα, yα). (19)
From inequality (A2′), we have that
0< λδ < λMα < λ
(
U∗i (tα, xα)− Vi∗(tα, yα)
)
 Fi∗
(
tα, xα;Wi
(
U∗(tα, xα
)
,V∗(tα, xα),Ai
)
,U∗i (tα, xα);a,p,X
)
− F ∗i
(
tα, xα;Wi
(
U∗(tα, xα),V∗(tα, xα),Ai
)
,Vi∗(tα, yα);a,p,X
)
 Fi∗
(
tα, xα;Wi
(
U∗(tα, xα),V∗(tα, xα),Ai
)
,U∗i (tα, xα);a,p,X
)
− F ∗i
(
tα, yα;Wi
(
V∗(tα, yα),U∗(tα, yα),Ai
)
,Vi∗(tα, yα);a,p,Y
) (20)
+ F ∗i
(
tα, yα;Wi
(
V∗(tα, yα),U∗(tα, yα),Ai
)
,Vi∗(tα, yα);a,p,Y
)
− F ∗i
(
tα, yα;Wi
(
U∗(tα, xα),V∗(tα, xα),Ai
)
,Vi∗(tα, yα);a,p,Y
) (21)
+ F ∗i
(
tα, yα;Wi
(
U∗(tα, xα),V∗(tα, xα),Ai
)
,Vi∗(tα, yα);a,p,Y
)
− F ∗i
(
tα, xα;Wi
(
U∗(tα, xα),V∗(tα, xα),Ai
)
,Vi∗(tα, yα);a,p,X
)
. (22)
Because (U,V ) is a coupled viscosity sub- and super-solution of (1), (20) < 0. It fol-
lows from the Lemma 3.1 in [7] that
lim
α→+∞α|xα − yα|
2 = 0
and
lim
α→+∞Mi(tα, xα, yα)= sup(t,x)∈Q
{
U∗i (t, x)− Vi∗(t, x)
}
Mα.
Due to (A3) and (A4),
(22) ωi
(
α|xα − yα|2 + |xα − yα|
)→ 0 as α→∞, (23)
(21)
∑
j 
=i
LijMα as α→∞. (24)
Hence, it leads to the inequality
λMα 
∑
j 
=i
LijMα.
This is a contradiction because λ >
∑
j 
=i Lij . The comparison is proved. ✷
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For the nonquasi-monotone systems, we follow [2,3] to introduce the notion of the
coupled viscosity sub- and super-solution in strong sense. To do so, U and V are said to
satisfy condition (C) if
(C) There is a continuous function η(t, x) such that
U∗(t, x) η(t, x) V∗(t, x) if U∗(t, x) V∗(t, x),
V∗(t, x) η(t, x)U∗(t, x) if V∗(t, x)U∗(t, x).
Definition 4. Let F be degenerate parabolic and locally bounded. Suppose that (U,V ) is
locally bounded and satisfies condition (C). (U,V ) is called a coupled viscosity sub- and
super-solution in strong sense to (1) if
Fi∗
(
t, x;φi,U∗i ;ai,pi,Xi
)
 0, ∀(t, x) ∈Q, (ai,pi,Xi) ∈P2,+Q U∗i (t, x),
F ∗i
(
t, x;φi,Vi∗;bi, qi, Yi
)
 0, ∀(t, x) ∈Q, (bi, qi, Yi) ∈ P2,−Q Vi∗(t, x), (25)
for any continuous function φ(t, x) between U∗ and V∗, and (13), where
φi(t, x)= (φ1, . . . , φi−1, φi+1, . . . , φm).
Theorem 6. Suppose that F is parabolic, locally bounded, and (A1)–(A4) hold. If (U,V )
is a coupled viscosity sub- and super-solution in strong sense to (1), then
• U∗  V∗ on Q¯;
• There is a unique viscosity solution u(t, x) ∈ C(Q) to problem (1) satisfying U∗ 
u V∗ on Q¯.
Proof. Prove it by the fixed point theorem. For a continuous function φ between U and V ,
consider the following system:

Fi(t, x;φi, ui; ∂tui,Dxui,D2xui)= 0 for (t, x) ∈Q,
ui(t, x)= 0 for (t, x) ∈ Γ,
ui(0, x)= u0(x) for x ∈Ω, i = 1, . . . ,m.
(26)
This system consists of m separated equations without coupling, and the components of U
and V are viscosity sub- and super-solutions of these m separated equations, respectively.
The comparative result follows the comparison theorem of viscosity solution for scalar
equation (see [7]). And from the existence theorem of viscosity solution for scalar equation,
there is a viscosity solution u for (26), which depends on the given function φ and satisfies
U∗  u  V∗. Thus, an operator A :φ  → u is defined. A fixed point of the operator A
is obviously a viscosity solution of (1). Let (C(Q))m denote the space consisting of the
continuous vector functions on Q with the norm
‖u‖ = max
j
sup
∣∣uj (tx)∣∣(t,x)∈Q
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B = {u ∈ (C(Q))m |U∗  u V∗}.
Then B is a bounded close subset of the Banach space (C(Q))m and A(B) ⊂ B. Now,
similarly to the proof of Theorem 2, we are proving that there is a fixed point in B for the
operator A under assumptions (A2′) and (17).
Suppose u=Aφ and v =Aη; then u and v are continuous, u∗ = u∗ = u, and so does v.
If
sup
(t,x)∈Q
{
ui(t, x)− vi(t, x)
}
> 0,
consider again the function
Mi(t, x, y)
= ui(t, x)− vi(t, y)− α2 |x − y|
2, 1, . . . ,m.
(tα, xα, yα) denotes again the local maximum point of Mi(t, x, y) for a fixed α and Mi(α)
denotes this maximum. Hence
ui(tα, xα)− vi(tα, yα)Mi(α) > 0. (27)
From the initial-boundary value conditions and (iii) in (17), it can be seen that tα 
= 0, T
and xα, yα /∈ ∂Ω if α is large enough. By Theorem 8.3 in [7], there are a,p= α(xα − yα),
X,Y ∈ S(n) such that
(a,p,X) ∈ P¯2,+Q ui(tα, xα), (a,p,Y ) ∈ P¯2,−Q vi(tα, yα).
From inequality (A2′), it can be seen that
0< λMi(α) < λ
(
ui(tα, xα)− vi(tα, yα)
)
 Fi∗
(
tα, xα;φi(tα, xα), ui(tα, xα);a,p,X
)
− F ∗i
(
tα, xα;φi(tα, xα), vi(tα, yα);a,p,X
)
 Fi∗
(
tα, xα;φi(tα, xα), ui(tα, xα);a,p,X
)
− F ∗i
(
tα, yα;ηi(tα, yα), vi(tα, yα);a,p,Y
) (28)
+ F ∗i
(
tα, yα;ηi(tα, yα), vi(tα, yα);a,p,Y
)
− F ∗i
(
tα, yα;φi(tα, xα), vi(tα, yα);a,p,Y
) (29)
+ F ∗i
(
tα, yα;φi(tα, xα), vi(tα, yα);a,p,Y
)
− F ∗i
(
tα, xα;φi(tα, xα), vi(tα, yα);a,p,X
)
. (30)
Because u=Aφ and v =Aη, (28) < 0. Due to (A3),
(30) ωi
(
α|xα − yα|2 + |xα − yα|
)
, (31)
which goes to 0 as α→+∞. From (A4),
(29)
∑
Lij
∣∣φj (tα, xα)− ηj (tα, yα)∣∣.
j 
=i
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λ sup
(t,x)∈Q
{
ui(t, x)− vi(t, x)
}

∑
j 
=i
Lij sup
(t,x)∈Q
∣∣φj (t, x)− ηj (t, x)∣∣. (32)
Similarly, if sup(t,x)∈Q{vi(t, x)− ui(t, x)}> 0, it can be shown that
λ sup
(t,x)∈Q
{
vi(t, x)− ui(t, x)
}

∑
j 
=i
Lij sup
(t,x)∈Q
∣∣ηj (t, x)− φj (t, x)∣∣. (33)
Thus,
λ‖u− v‖
m∑
i,j=1
Lij ‖φ − η‖. (34)
Because λ could be taken large enough such that λ >
∑m
i,j=1 Lij according to Remark 1, it
has been proved that A is a contraction. By Banach’s fixed point theorem, there is a unique
continuous vector function u ∈ B such that u = Au which does be the unique viscosity
solution of (1). ✷
Remark 2. It can been seen from (20)–(22) and (28)–(30) that some inequalities in (A1)–
(A4) can be replaced by the following weaker ones:
Fi∗(t, x;Wi, r;b,p,X)− Fi∗(t, x;Wi, r;a,p,X) βi(b− a), (A1′)
F ∗i (t, x;Wi, r;b,p,X)−F ∗i (t, x;Wi, r;a,p,X) βi(b− a), (A1′′)
Fi∗(t, x;Wi, r;a,p,X)− Fi∗(t, x;Wi, s;a,p,X)−γi(r − s), (A2′)
F ∗i (t, x;Wi, r;a,p,X)−F ∗i (t, x;Wi, s;a,p,X)−γi(r − s), (A2′′)
Fi∗(t, y;Wi, r;a,p,Y )− Fi∗(t, x;Wi, r;a,p,X) ωi
(
α|x − y|2 + |x − y|),
(A3′)
F ∗i (t, y;Wi, r;a,p,Y )− F ∗i (t, x;Wi, r;a,p,X) ωi
(
α|x − y|2 + |x − y|),
(A3′′)
∣∣Fi∗(t, x;Wi, r;a,p,X)− Fi∗(t, x;V i, r;a,p,X)∣∣∑
j 
=i
Lij |Wj − Vj |, (A4′)
∣∣F ∗i (t, x;Wi, r;a,p,X)−F ∗i (t, x;V i, r;a,p,X)∣∣
∑
j 
=i
Lij |Wj − Vj |. (A4′′)
For instance, the comparison does still hold if Fi , i = 1, . . . ,m, satisfy (A1), (A2), (A3′),
and (A4′), or (A1), (A2), (A3′′), and (A4′′), or (A1′), (A2′), (A3), and (A4′) etc.
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Considering the coupled viscosity sub- and super-solutions in strong sense to (1), we
have the following theorem.
Theorem 7. Suppose that F is degenerate parabolic, locally bounded, and satisfies (A1),
(A2), and (A4). Let U and V be viscosity sub- and super-solution of (1), respectively,
satisfying condition (C) and
U∗(t, x) >−∞, V ∗(t, x) <+∞,
d = max
1im
sup
(t,x)∈Q
∣∣Vi(t, x)−Ui(t, x)∣∣<+∞.
Suppose also that
Uˆ(t, x)=U(t, x)− h(t), Vˆ (t, x)= V (t, x)+ h(t),
where h(t) ∈ (C1[0, T ])m is a solution for the system of ordinary differential equations{
βih
′
i (t)− γihi(t)−
∑
j 
=i Lij (hj (t)+ d)= 0,
hi(0)= d, i = 1, . . . ,m. (35)
Then, (Uˆ , Vˆ ) is a coupled viscosity sub- and super-solution in strong sense to (1).
Proof. From the theory of ordinary differential equations (see [14,15]), there exists a
solution of (35) h(t) ∈ (C1[0, T ])m and all its components are positive.
Let aˆi = ai − h′i (t) and bˆi = bi + h′i (t). We observe that
P2,+Q Uˆ∗i (t, x)=
{
(aˆi, pi ,Xi) | (ai,pi,Xi) ∈P2,+Q U∗i (t, x)
}
,
P2,−Q Vˆi∗(t, x)=
{
(bˆi , qi, Yi) | (bi, qi, Yi) ∈P2,−Q Vi∗(t, x)
}
.
For any continuous function φ between Uˆ and Vˆ , we observe that
ai − aˆi = bˆi − bi = h′i (t),∣∣φi(t, x)−U∗i (t, x)∣∣ hi(t)+ d, ∣∣φi(t, x)− Vi∗(t, x)∣∣ hi(t)+ d, on Q¯.
Then, by (A1), (A2), and (A4),
Fi∗(t, x;U∗;a,p,X)− Fi∗
(
t, x;φi, Uˆ∗i ; aˆ, p,X
)
 βih′i (t)− γihi(t)−
∑
j 
=i
Lij
(
hj (t)+ d
)
 0,
∀(t, x) ∈Q, (a,p,X) ∈ P2,+Q U∗i (t, x),
and
F ∗i (t, x;φi, Vˆi∗; bˆ, q, Y )− F ∗i (t, x;V∗;b, q,Y )
 βih′i (t)− γihi(t)−
∑
j 
=i
Lij
(
hj (t)+ d
)
 0,
∀(t, x) ∈Q, (b, q,Y ) ∈ P2,−Vi∗(t, x).Q
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we have that
Fi∗
(
t, x;φi, Uˆ∗i ; aˆ, p,X
)
 0, F ∗i (t, x;φi, Vˆi∗; bˆ, q, Y ) 0, ∀(t, x) ∈Q,
(aˆ,p,X) ∈P2,+Q Uˆ∗i (t, x), (bˆ, q,Y ) ∈ P2,−Q Vˆi∗(t, x).
Meanwhile, (1) holds obviously for Uˆ and Vˆ . Thus, the theorem is proved. ✷
The following theorem on the coupled viscosity sub- and super-solution can be shown
similarly.
Theorem 8. Suppose that F is degenerate parabolic, locally bounded, quasi-monotone,
and (A1), (A2), and (A4) hold. Let U and V be a viscosity sub- and a super-solution
of (1), respectively, and
U∗(t, x) >−∞, V ∗(t, x) <+∞,
d = max
1im
sup
(t,x)∈Q
∣∣Vi(t, x)−Ui(t, x)∣∣<+∞.
Suppose also that
Uˆ(t, x)=U(t, x)− h(t), Vˆ (t, x)= V (t, x)+ h(t),
where h(t) ∈ (C1[0, T ])m is a solution of (35). Then, (Uˆ , Vˆ ) is a coupled viscosity sub-
and super-solution of (1).
5. Examples
Example 1 (Weakly coupled parabolic systems).

Fi(t, x;ui, ∂tui ,Dui,D2ui)+∑mj=1 cij (t, x)uj = 0, (t, x) ∈Q,
ui(t, x)= 0, (t, x) ∈ (0, T )× ∂Ω,
ui(0, x)= φi(x), x ∈Ω, i = 1, . . . ,m,
(36)
where Fi (i = 1, . . . ,m) are degenerate parabolic. Here cij (t, x) only are required to be
continuous and bounded or not to change their signs. However, they are required in [3,9]
to satisfy
m∑
j=1
cij  0 or cij  0 (j 
= i) in Q.
It is more stronger.
Suppose that φi(x) 0 are continuous on Ω¯ and
Fi(t, x;0,0,0,0)= 0 and Fi(t, x,Mi,0,0,0) > 0,
where Mi  supx∈Ω φi(x). Then U = (0, . . . ,0) and V = (M1, . . . ,Mm) are constant
viscosity sub- and super-solutions of (36), respectively. There is a unique viscosity solution
for (36), by Theorems 1, 2, and 8, if cij (t, x) do not change their signs, i.e., (36) is quasi-
monotone; or by Theorems 6 and 7, if cij (t, x) are continuous and bounded.
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
supα∈A{Lαi ui +
∑m
j=1 cαij uj − f αi (t, x)} = 0, (t, x) ∈Q,
ui(t, x)= 0, (t, x) ∈ (0, T )× ∂Ω,
ui(0, x)= φi(x), x ∈Ω, i = 1, . . . ,m,
(37)
where {Lαi } is a family of linear parabolic operators with bounded measurable coefficients
Lαi u=
∂ui
∂t
−
n∑
k,l=1
aαkl
∂2ui
∂xk∂xl
+
n∑
k=1
bαk
∂ui
∂xk
,
in which (aαkl) have eigenvalues in [λ,Λ] (0 < λ  Λ) for each (t, x) ∈ Q and α ∈ A,
cαij (t, x) and f
α
i (t, x) are continuous and bounded.
If there are a viscosity sub-solution U(t, x) and a viscosity super-solution V (t, x)
for (37) (which could be attained according to the specific conditions, e.g., the following
paragraph), then there is unique viscosity solution by Theorems 6 and 7, or by Theorems 1,
2, and 8, as all cαij (t, x) (α ∈A) have the same unchanging sign for every i, j = 1, . . . ,m.
If all cαij (t, x) and f
α
i (t, x) (i, j = 1, . . . ,m, α ∈A) are nonnegative on Q, there is λ
large enough such that
c ii + λ−
∑
j 
=i
c¯ij − f¯i  0,
where
c ij = inf
α∈A
inf
(t,x)∈Qc
α
ij (t, x), c¯ij = sup
α∈A
sup
(t,x)∈Q
cαij (t, x),
f¯i = sup
α∈A
sup
(t,x)∈Q
f αi (t, x),
because cαij (t, x) and f
α
i (t, x) (i, j = 1, . . . ,m, α ∈A) are bounded. Let
U = (−eλt , . . . ,−eλt), V = (eλt , . . . , eλt ).
It is observed that (U,V ) is a coupled viscosity sub- and super-solution of (37).
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